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Forward Rates

Today’s zero-coupon bond prices fix more than today’s interest rates. By combining
bonds of different maturities, an investor can lock in today the rate at which money will
be lent or borrowed between two future dates. That rate is the forward rate. This chapter
shows how to synthesize forward rates from zero-coupon bonds, what the forward curve
looks like in the Treasury market, and how forward rates relate to the short rates that
investors expect. The gap between the two, the term premium, organizes the traditional

theories of the term structure.

Synthesizing Forward Rates

The term structure of interest rates allows investors to lock future interest rates using

forward-rates that can be synthesized from zero-coupon rates.

Denote by Z(n) the price of a zero-coupon bond with face value equal to $1 and expiring
at year n. Consider now two zero-coupon bonds with expirations m < n, that we will
denote by M and N, respectively.

Let’s see what happens if we sell Z(n) units of bond M and invest the proceeds in bond

()()

N.The proceeds from selllng ™) units of M are the number of units times the price per
z(n)
Z(m)

needed to buy 1 unit of bond N.

unit, i.e., X Z(m) = Z(n) Therefore by selllng unlts of M you get the amount

The table below describes the cash flows from this strategy, where a negative sign is
used to indicate that you pay a certain amount, and a positive sign indicates thatyou are

receiving that amount.



Year 0 m n

Z(n) . _ Z(n)
Sell Zom) unitsof M Z(n) zom O
Buy 1 unit of N —Z(n) 0 1
_Zm)
Total 0 Z(m) 1

The table shows that this strategy creates a forward-starting zero-coupon bond. Instead
of investing a certain amount today at a known interest rate, and therefore guaranteeing a
known amount at maturity, this newly created security guarantees today thatif you invest

a certain amount in year m, you will earn a known interest rate from year m to year n.

The implicit annualized interest rate f(m, n) that applies to this newly created security
is called the forward-rate from year m to n, which must satisfy

1 _Z(n)
(L+ f(mn)®m = Z(m)’

so that

1

_(Z(m) H_
fGm,n) = Zm) L (1)

Example 1 (Computing Forward Rates). Suppose that we have the following informa-

tion on zero-coupon bonds for various maturities:

Bond Maturity (years) Price ($)

Z, 1 920
Z, 2 840
Zs 3 760
Z, 4 710

a. The forward rate f (2, 4) that applies from years 2 to 4 satisfies



2,4) = 840\ " 1=8.77%
f@ = (=5 = 8.77%.

b. The forward rate f(1,4) that applies from years 1 to 4 satisfies

1,4) = 920\ 1 =9.02%
fa = (=5 = 9.02%.

c. The forward rate f(3,4) that applies from years 3 to 4 satisfies

3,4 _ 760 1 =7.04%
f(’)_710 - /- 0.

O

Sometimes, the forward rate is expressed as a function of the zero-coupon rates implicit
in the zero-coupon bond prices. If we denote by r(m) and r(n) the zero-coupon rates
corresponding to maturities m and n, respectively, Equation (1) can be re-written as

1

[ @+r@)" e
o = () “

Note that if we could fix the forward rate f(m, n) beforehand, then it must be the case
that investing from 0 to m at r(m), and then rolling the deposit from m to n at f(m, n),
should be equivalent to investing all the way from 0 to n at r(n). If not, there would be a
simple arbitrage opportunity where we could invest using the strategy that delivers the

most and borrow using the other alternative.

Therefore, it must be the case that:
A+rm)™A+ f(mn)"™ =1 +rn)",

which also delivers equation (2).

Example 2 (One-Year Forward Rates). The table below shows the zero-coupon rate
per year compounded annually for different maturities. The forward rate that applies
from the previous to the current year is computed in the last column.



Year Zero Rate (%) Forward Rate (%)

1 4.0

2 5.0 6.01
3 5.6 6.81
4 6.0 7.21
5 6.3 7.51

In the table, the forward rate that applies from year 1 to 2 is computed as

2

1.04

£(1,2) = —1=6.01%,

whereas the forward rate that applies from year 4 to 5 is given by

1.063°

m - 1 == 751%

f(4,5) =

Forward Rates with Continuous Compounding

With continuously compounded zero yields y;(n), as in Bond Pricing, the condition that
rolling a deposit from m to n at the forward rate matches investing until n becomes

eMye(m)p(n-m)fe(mn) — onyt(M) g0 the continuously compounded forward rate is

ny(n) —my(m)
n—m '

fe(m,n) = (3)

The formula has a simple reading. Sincen y,(n) = my,(m) + (n — m)f;(m,n), theyield

to maturity n is the average of the forward rates over the life of the bond. In particular,
with one-year forward rates,

1 n-1
yem) == Y filkk+ 1), £:(0,1) = y(1). @
k=0
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When the yield curve slopes upward, each new forward rate is above the average of the
previous ones, so the forward curve lies above the yield curve. When the yield curve
slopes downward, the forward curve lies below it.

Figure 1 shows the zero yields and the one-year forward rates implied by the Treasury
yield curve at the end of 2025. Apart from a small dip between one and two years, the
curve was upward sloping, so the forward rates lie above the zero yields. The one-year
rate was 3.51%, but the forward rate for the year from 9 to 10 was 5.16%. The forward
rates peak at about 5.7% near 19 years and then decline slowly as the yield curve
flattens.

Forward Rates, Expected Rates and Term Premia

A forward rate is a rate that can be locked in today. Whether it is also a forecast of the
rate that will prevailin the future depends on whatinvestors require for holding long-term
bonds. Write the one-year forward rate for the year from n — 1 to n as the expected one-
year rate inn — 1 years plus a term premium,
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Figure 1: Continuously compounded zero-coupon Treasury yields and one-year forward rates on
December 31, 2025, from the yield curve of Gurkaynak, Sack and Wright (2007). The
forward rate at maturity n applies to the year fromn — 1 ton.



fi(n — 1,n) = Et(¥e4n-1(1)) + TP (n), (5)

where all rates are continuously compounded. The equation defines the term premium
as whatever separates the forward rate from the expected future rate, apart from a small
convexity effect discussed below.

The term premium is also the expected excess return of a long-term bond. Buy a 2-year
zero-coupon bond at time t and sell it a year later, when it has become a 1-year bond.
Since In Z;(n) = —ny,(n), as in Bond Pricing, the log return is InZ;,1(1) —InZ;(2) =
2y:(2) — y:41(1), and in excess of the one-year yield y, (1) itis

Tx¢41(2) = 2y¢(2) = ¥¢(1) = ¥e41 (D) = £ (1, 2) — ye41 (1), (6)

using (3). The bond beats the one-year deposit exactly when next year’s one-year rate
turns out below today’s forward rate. Taking expectations, the expected excess log
return of the 2-year bond is f;(1,2) — E;(y¢+1(1)) = TP:(2). A positive term premium is
compensation for holding a bond whose price falls when rates rise.

The traditional theories of the term structure are statements about the term premium.

The Expectations Hypothesis

The expectations hypothesis (EH) holds that the term premium is zero, so forward rates
are the market’s forecasts of future short rates, and every bond has the same expected
return over the next year. In a world populated by risk-neutral investors, the expected
holding-period return of investing in any asset should be the risk-free zero rate that
applies to that period.

Denote by B the price of a bond paying annual coupons C and expiring at time T. If the
expectations hypothesis holds, the expected HPR of buying this bond at time 0 for B,
and selling it next year for By must be 17(1), the zero rate at time 0 that applies to cash
flows inyear1,

E(B,) + C

E(Ry) = B,

— 1 =r1y(1).

Note that B, is unknown today since we do not know how interest rates will evolve over
time.
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Example 3 (Computing an Expected Bond Price). Suppose you have the following

information on zero-coupon rates.

Maturity (years) Rate (%)

1 5.0%
2 5.5%
3 6.0%
4 6.3%
5 6.5%

Consider a 4% annual-paying coupon bond over a notional of $1,000 expiring in 5 years.
The price of this bond today can be computed by discounting its cash flows at the
appropriate zero-rate.

_40+ 40 +40+ 40 +1040
~ 1.05  1.0552  1.063 = 1.063% = 1.0655

B, = 898.02

If the EH holds, the price of this bond next year, B, should be such that

B, +C
BO = 1 + To(].),
implying B; = 898.02 x 1.05 — 40 = $902.92. m|

If the EH holds, the shape of the yield curve reflects expected changes in short rates. An
upward-sloping curve means the market expects short rates to rise, and a downward-
sloping curve that it expects them to fall. Over a long period, short rates rise about as
often as they fall, so under the EH the yield curve should be flat on average.

Figure 2 shows thatitis not. From 1972 to 2025, the 1-year zero yield started at 4.2% and
ended at 3.5%, with no net rise, yet the average yield rises steadily with maturity, from
4.85% at one year to 5.97% at ten years, and the 10-year yield was above the 1-yearyield
in 81% of the months. Short rates did not rise on average, so the average upward slope

points to a positive term premium.



6.0 1

5.8 1

5.6 A

5.4 1

5.2

Average zero yield (%)

5.0 1

4.8

2 4 6 8 10
Maturity (years)

Figure 2: Average continuously compounded zero-coupon Treasury yield by maturity, month-end,
from 1972 to 2025, from the yield curve of Glrkaynak, Sack and Wright (2007).

The Liquidity Preference Theory

The EH treats bonds of all maturities as perfect substitutes. When investors are risk
averse, they care not only about the expected short rate but also about its volatility.
Investors in long-term bonds want to be compensated for committing their funds for
a long time, since they face price risk if they need to sell before maturity. Conversely,
issuers of bonds are willing to pay a higherinterestrate on long-term bonds because they
can lock in an interest rate for many years. The liquidity preference theory therefore
holds that the term premium is positive and grows with maturity, which explains why the
yield curve slopes upward on average. With two years, it implies that

ro(1) + E(u (D)

1(2) > >

Segmented Markets and Preferred Habitat

The segmented markets theory holds that investors at different maturities do not
substitute between them at all. Some investors, such as money market funds, hold only
short-term bonds, while others, such as pension funds and insurance companies that
must match long-term liabilities, hold only long-term bonds, so each segment’s rate is



set by supply and demand withinit. The softer preferred habitat view lets investors leave
their preferred maturities for a high enough premium. In either case the term premium
at each maturity depends on the supply of bonds of that maturity relative to the demand
forthem, and it can change over time as the Treasury changes the maturity of its debt or
as the Federal Reserve buys long-term bonds.

The three theories differ only in what they say about TP,(n): zero under the EH, positive
and rising with maturity under liquidity preference, and driven by the supply and demand
of each maturity under segmented markets. Which is closest to the data is an empirical
question, and the answer turns on whether forward rates forecast future short rates or
the returns of long-term bonds. The Term Structure in the Data takes it up.

The Convexity Adjustment

Even under the EH, forward rates are not exactly the expected future rates, because
bond prices are convex in yields. Our version of the EH is consistent with assuming that
expected future discount factors can be computed using forward rates, i.e.,

1 1
1+ rt(n))"> T A+ fG e+t

E(Z,(n)) = E ( (7)

We can use equation (7) to derive an expression that relates expected future zero rates

and forward rates, here with annual compounding.

The first thing to notice is that Jensen’s inequality implies that

1 1
g <<1 ¥ rt(n))"> Z A+ EG )™

which combined with (7) delivers
E(r:(n)) > f(t,t +n).

Therefore, our version of the EH implies that forward rates are a downward biased
estimate of future zero-rates. The difference between the two, however, is in general very

small. To see why, consider the function
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The second order Taylor expansion of h(x) around x = p is:

1 1 (x—p) 1 (x — p)?
Ar0r - Arpr "arpmt TN D e

(8)

Consider now a random variable X such that E(X) = u and V(X) = ¢2. Taking expecta-
tions on both sides of (8) shows that

E 1 N 1 1 1 a? 9
(@) = @+ 70 Ve )

Denoting f = f(t,t + n), u = E(r(n)) and 62 = V(1:(n)), we can combine (7) and (9) to

obtain
1/n
LIl PR S G 2
1+f P '

The previous expression shows that the difference between expected future rates and
forward rates depends on a convexity adjustment term on the right of the above expres-
sion. For typical values of 4 and g, the convexity adjustment term is very small, which
allows us to conclude that if the EH holds, forward rates are good forecasts of expected

future zero-rates, i.e.,

E(r(n)) = f(t,t +n).

Practice Problems

These problems give you a chance to practice the concepts introduced in this chapter.
Try to solve each one on your own before expanding the solution.

Solutions to all problems can be found at https://lorenzonaranjo.com/class-materials/

investments/.
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Problem 1 (Forward Rates from Zero Prices). Helena Brooks, who runs the Treasury
desk at Marlow Securities, sees the following prices for zero-coupon bonds with a face
value of $1.

Maturity (years) 1 2 3 4
Price ($) 0.962 0.918 0.871 0.822

Compute the forward rates f (1, 2), f(1,3), f(2,4), and f(3,4).

Problem 2 (One-Year Forwards and Expected Rates). The zero rates below are

expressed per year with annual compounding.

Maturity (years) 1 2 3 4
Zero Rate (%) 3.5 4.0 4.4 4.7

a. Compute the one-year forward rates f (1, 2), f(2,3),and f(3,4).
b. If the expectations hypothesis holds, what do these forward rates say about the one-

year rate over the next three years?

Problem 3 (Locking In a Future Borrowing Rate). Tolland Freightwillneed to borrow $5
million in two years for one year to pay for new trucks. Its treasurer, Diego Alvarez, wants
to lock in the rate today using zero-coupon bonds priced off the zero rates in Problem 2.

a. Which positionsin 2-year and 3-year zeros give the firm $5 million in year 2 and a fixed
paymentinyear 3, at zero cost today?

b. What borrowing rate does this lock in?

Problem 4 (A Mispriced Forward Deposit). With the zero rates of Problem 2, Calder
Bank offers a forward deposit: a client can commit today to deposit money in one year
for one year at a rate of 5%. Show that Rachel Kim, a trader, can earn a riskless profit,
and compute it per $1 million deposited.

11



Problem 5 (Two Ways to Invest for Three Years). Sam Okoro wants to invest for three
years. He can buy a 3-year zero at the rate in Problem 2, or invest for one year and lock
in today the rate for the following two years.

a. What forward rate f (1, 3) makes the two strategies equivalent?
b. What would happen if a bank offered a two-year forward deposit starting in one year

at a higher rate?

Problem 6 (The Expected Price of a Coupon Bond). The zero rates are 4% for one year,
4.5% for two years, and 5% for three years, per year with annual compounding. Paloma
Ruiz considers a 3-year Penhallow Utilities bond with annual coupons at 6% on a face
value of $1,000.

a. Compute the bond’s price today.
b. If the expectations hypothesis holds, whatis the bond’s expected price one year from

now, just after its first coupon?

Problem 7 (Riding the Yield Curve). With the zero rates of Problem 2, Victor Salgado
buys a 2-year zero with a face value of $1 and plans to sell it after one year.

a. If the term structure does not change over the year, what is his one-year return?
Compare it with the 1-year rate.
b. What one-year return does the expectations hypothesis predict, and what must it

assume about next year’s one-year rate?

Problem 8 (How Big Is the Convexity Adjustment?). Under the expectations hypoth-
esis, forward rates understate expected future zero rates by a convexity adjustment.

a. For a 5-year zero rate with an expected value of 5% and a standard deviation of 1%,
compute the forward rate f implied by the approximation in this note, and the gap 1 —
f in basis points.

b. Repeatfora 10-yearrate with an expected value of 5% and a standard deviation of 2%.
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Problem 9 (Measuring a Term Premium). The one-year rate is 4% and the two-year
rate is 5%. Laura Chen, an economist at Brightline Advisors, expects the one-year rate
in one year to be 5%.

a. Compute the forward rate f (1, 2).
b. Is Laura’s forecast consistent with the expectations hypothesis? How does the

liquidity preference theory explain the gap?

Problem 10 (Forward Rates and the Term Premium). The continuously compounded
zero yields for one, two and three years are 3.0%, 3.6% and 4.0%.

a. Use (3) to compute the one-year forward rates f(1,2) and f(2, 3), and check (4) for
the 3-yearyield.

b. AbigailMoreno, a strategist at Fenwick Partners, expects the one-yearyieldto be 3.6%
a year from now. What term premium does she assign to the 2-year bond?

c. Using (6), compute the excess log return of the 2-year bond over the next year if the

one-yearyield a year from now is 3.6%, and if itis 5%.
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